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Abstract-Let: [V2 + k2 + k2v(z)]u = -6(x - y) in L = R2 x [O, h], ‘1~ = 0 at za = 0, uzs = 0 at 
z3 = h, u(z, y, k) satisfies the limiting absorption principle. Let u(z, y, Ic) be known for all I, y E P := 
{z : 13 = d}, where 0 < d < h is a small fixed number (subsurface data), and all Ic E (0, ko), ko > 0 is 
a small number. These data determine v(z) uniquely and an analytical procedure is given for finding 
v(z) given the above data. It is assumed that u(z), the inhomogeneity in the refraction coefficient 
(of the ocean of depth h), is an arbitrary compactly supported square integrable function. 
Keywords-Inverse problem, Low-frequency inversion, Acoustics, Finite-depth ocean wave scat- 
tering. 
1. INTRODUCTION 
Consider the equation 
[V2 + k2 + rC2~(~)]u = -S(z - y) in L. (1) 
Here k > 0 is the wavenumber, 6 is the delta-function, 3c = (zl,zs), z1 = (zi,zz), and V2 
the Laplacian, L = R2 x [0, h] is the layer which models the ocean of depth h. The boundary 
conditions are 
u = 0 at x3 = 0, u,, = 0 at x3 = h. (2) 
They mean zero pressure at the surface of the ocean and zero velocity at the bottom of the ocean. 
The 2s axis is directed into the water so that the plane 2s = 0 corresponds to the surface and 
the plane x3 = h > 0 to the bottom of the ocean. Let P:= {x : x3 = d}, where d, 0 < d < h is 
a small number. Let kc > 0 be an arbitrary small fixed number. Assume that the data are the 
values of u(x, y, k) for all x, y E P and all k E (0, ke). The inverse problem (IP) we are interested 
in is: given the data, find V(X). 
The function w(x), the inhomogeneity of the refraction coefficient (or the wave velocity profile) 
in the ocean, is assumed to be an arbitrary function, possibly complex-valued, square integrable 
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and vanishing out of the arbitrarily large but finite region, say, outside the region ]zl] 5 a. 
The solution of equation (l), satisfying the boundary conditions (2), is uniquely defined by the 
requirement that this solution satisfies the limiting absorption principle. This means that the 
unique solution in L2(L) is found by first replacing k2 by (h + i~)~, E > 0 (small absorption 
in the medium is assumed), and then letting e J 0, and the solution to (l), (2) is defined as 
u(2, y, Ic + i0). 
Instead of the subsurface data on P, one can also use the surface data & on the plane 
2s = 0. The solution procedure is the same ss that given in Section 2 of this paper. The 
theory of the low-frequency inversion of surface data and data of other types is developed in [1,2]. 
The usual assumption in this theory is that the inhomogeneity V(X) has a compact support or 
decays sufficiently fast at infinity. In [3,4], the inhomogeneity is not assumed to be compactly 
supported, but is considered to be a function of 2s only, which may grow at infinity not faster 
than a polynomial. In [5], a similar inversion theory is developed for u = ~(21, zs). In [6], the 
theory is generalized for the fixed-frequency surface data. The aim of this paper is to develop 
the theory of the inversion of low-frequency data when the basic domain is a layer, as opposed to 
the whole space or a half-space ss in [l]. In Section 2, the solution to the IP is given. The wave 
propagation in layered media is studied in [7-91. 
2. SOLUTION TO THE IP 
For V(Z) = 0, the solution to (l)-(2), denoted by G(x, y, Ic), is known [7, p. 331) and is given 
by: 
G(x:, Y, h) = 2 (-lY [&s - ~3 - 276h) - dx3 + ~3 - 4, (3) 
n=-c!a 
where 
g(,) .= exp{W2 + Q2Y21 
4?r(@2 + as)@ ’ 
Q2 = 1x1 - yll? (4 
Therefore, the problem (l)-(2) * is e q uivalent to the integral equation: 
u(x,y,k) = G(x,Y,~) +k2 J G(x,~,k)v(E)~(S,v,k)~, (5) 
where the integral without the limits is taken over the compact region, the support of V(X). Since 
the function (3) satisfies the estimate ]G(x, y, Ic)] I C’lx - y]-', where C denotes various positive 
constants, one proves as in [1, p. 2191, that equation (5) is uniquely solvable by iterations for all 
sufficiently small Ic and that the following limit exists: 
/ime 21(x, Y, k) - G(z, V, k) := f(x, y) 
* k2 
The function f (x, y) for x, y E P will be called the low-frequency subsurface data which is defined 
uniquely by our data. On the other hand, one can check that the function (3) has a limit Gc(x, y) 
as k 4 0, where Ge(x, y) = G(z, y, 0), 
GO&Y) = 2 (-IIn - ~3 - 2nh) - gob3 + y3 - 2nh) , 1 (7) ?a=--M 
go(z) := 
1 
47r(Q2 + z2)1/2 * (8) 
From (6) and (5) it follows that 
/ 
Go@, C) v(E) Go(E, Y> d5 = f (x3 Y), x,y E P. (9) 
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Let us Fourier transform (9) in the variables zl, y’ using the formula [2, p. 1361: 
m 
m-= _-oo JJ exp (-4 . d) dzl =27r lx1 - 51 mexp { -iA * CEl - I4 151). (10) 
where X = (Xi, XZ), 1x1 = (X: + Xi)lj2. The result is: 
J[ I 4l) exp -Q + 14 . t1 9(53) d53 = 47r I4 I4 f(k cl), 01) 
where 
JO+) = /_“, J exp [ 4(X. x1 + p. y’) f(z’, d; yl, d) dx’dy’ 
1 
(12) 
and 
cp(c3) := 2 (-l)n+m [exp(- IXIId-<3-22nh( -exp -IXIId+t3-2nhl 
n,m=-CXJ > ( >I 
x exp -Ij4Id-~3-22mhl 
[ ( > ( 
-exp -Ij~lId+~3-2mhl 
>I 
. (13) 
As in [2, p. 1371, we define the new variables: pi = Xi + ~1, ps = X2 + ~2, ps = 1x1, and 
p4 = 1~1. The Jacobian of the transformation does not vanish if X and ~1 are linearly independent 
[2, p. 1371. 
Consider equation (11) in the new variables and set ps = p4 = f . Then (11) becomes 
where F(p, s) is the right-hand side of (11) expressed in the coordinates pl, pz, and s. $(&, s) := 
$‘:(C33, s), ad 
,j1(c3, s> = 2 (_._ly [e-WW-t.-W _ e-WW+b-W] . 
TZ=--a, 
(15) 
Let us assume that inf 5s > d. This is possible because the support of v(t) is a compact subset 
in L. The function $I(&, s) can be calculated explicitly: 
$1 = j(s) 2cosh [;(h - J3)] , j(s) -= sinh(sd’2) . 
’ cosh(sh/2) (16) 
Thus 
1cI = & = { exp[s(h - 53)I + exp[--s(h - S3)1+ 2)7(s), 
Therefore, equation (14) takes the form: 
-y(s) := p(s). (17) 
J h ti3G(p,E3) { exp[s@ - J3)1+ exp[--s(h - b)l + 2) = FI(P, s), 0 (18) 
where 
Ji(P, 3) := JyP, W’(s). (19) 
If 6(p, 6) can be found from (18) for all p E R2, then v(<‘, e3) can be found by taking the inverse 
Fourier transform of G(p, .53) in p. The problem now is to solve the following equation: 
J 
h 
W(Z) [ exp(sz) + exp(-sz) + 23 dz = q(s), s > 0, 
&) := a@, h - z), 
(20) 
q(s) := &(p, s). 
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Define 21 := is and the cosine transform of W(I) as: 
J 
h 
w(z) cos(wz) dz := W(V). 
0 
Then equation (20) can be written as 
W(w) = Q(w) - W(O), Q(w) := ;q(--iv). (22) 
(21) 
Assume that w(z) E L2[0,h]. Then W(V) + 0 as w -+ +oo. Thus 
W(O) = V;~oo Q(v). (23) 
If W(0) is known, then the cosine transform of W(Z) is known: it is equal to the right-hand 
side of (22). Thus, w(z) is uniquely determined: 
W(Z) = 2 J 
co 
r 0 
W(w)cos(wz) dw. (24 
The following theorem is proved: 
THEOREM. The IP has at most one solution. If the data are exact, then the solution can be 
found analytically by the following procedure: 
(1) calculate !(A, p) by formula (12); 
(2) calculate F(p, s), that is, the right-hand side of (11) in the coordinates p and s; 
(3) solve equation (18) for G(p, &) as explained below formula (21); 
(4) calculate w(t) by taking the twcFdimensional inverse Fourier transform of C(p, &) in the p 
variable. 
REMARK. The above procedure has several difficulties for numerical implementation: 
(a) it is difficult to take the four-dimensional Fourier transform (12), and 
(b) solving equation (18) is an ill-posed problem. 
The IP is an ill-posed problem: the subsurface data should 
2, y E P, if condition (15) holds. 
be analytic functions for x # y, 
1. 
2. 
3. 
4. 
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